In this paper, we study the 
Introduction
Let G be a finite group, and D a collection of subgroups of G, and R a commutative ring with the unit. The generalized Burnside ring R ⊗ Z Ω(G, D) (GBR for short) has been introduced by Yoshida [Yo90] . In this paper, we restrict our attention to a collection D consisting of self-normalizing subgroups (say, condition (SN)), and study various properties of the GBR Ω(G, D) over the coefficient ring Z. One of the main purposes of the paper is to show the following. This paper is organized as follows: In Section 2, we recall some definitions and fundamental facts from the theory of the GBR of [Yo90] . In Section 3, it is shown that under (SN) the ordinary Burnside The final Section 7 is kind of example of a collection D of self-normalizing subgroups. Specifically, we take D as a collection of the normalizers of certain p-radical subgroups, and assuming suitable hypotheses it is shown that the unit I G D is realized as the Lefschetz invariant of (D). Furthermore we also discuss a relation between the GBR Ω(G, D) and the Möbius algebra of a poset.
Notation
Let G be a finite group, p a prime divisor of the order of G, and H a subgroup of G. Denote by G p a Sylow p-subgroup of G, and by W G (H) ( 
Möbius function on the poset D with respect to inclusion-relation is denoted by μ D . In this paper, we call a ring with the unit (identity element) unital ring.
Preliminaries
Let D be a collection of subgroups of a finite group G. In this section, we will review some basic concepts on the generalized Burnside ring R ⊗ Z Ω(G, D) of G with respect to D over a commutative unital ring R (see [Yo90] for the full detail).
The mark homomorphism
Let Ω(G, D) be the submodule of the ordinary Burnside ring Ω(G) of G generated by elements Sgp(G) ) for the totality Sgp(G) of all subgroups of G; namely, it is defined on all finite G-sets. In this case, the multiplication is defined by the Cartesian product. Let
S is the S-fixed points of the G-set G/H . The mark homomorphism is an additive homomorphism (1) The map ϕ 
Remark 1. It is clear that if
R ⊗ Z Ω(G, D) is realized as a GBR then ϕ R D : R ⊗ Z Ω(G, D) → R ⊗ Z Ω(G, D)
Self-normalizing collection
Here we establish the following hypothesis on D, which will be crucial throughout the paper.
Hypothesis (SN).
Any member of the collection D of subgroups of G is self-normalizing; that is, 
The following lemma is the second fundamental theorem. 
As consequence of Lemma 2, we have the following (see also Remark 1). 
A decomposition into Ω(G, D)
.
The following result on the part of the commutative diagram is already proved in [Yo90, Corollary 6.4] as an application, under (C) p , of the Fundamental Theorem in [Yo90] . However if we assume (SN) (that is stronger that (C) p ), then we can give quite an elementary proof of this fact without using the fundamental theorem.
Theorem 1. Assume (SN) for D. Then there is a unique ring homomorphism
Proof. First of all, we have that Ω(G, D) is realized as a GBR by Lemma 2, and that the mark homo-
is an isomorphism of rings by Lemma 4. Now in order to prove the existence of ρ D , it suffices to put ρ
We will next show the uniqueness for ρ D . Let ρ be a homomorphism from
Finally, we will show 
as a direct sum of Z-submodules of the Burnside ring.
The kernel of ρ D
Let D be a collection of subgroups of G. In this section, a basis of the kernel of ρ D will be given. We keep the notation of the preceding section, particularly
subgroup H of G if and only if H is contained in D.
Proof. Let H be a subgroup of G. 
Next we will show that the elements κ H in K D are linearly independent over Z. 
Then together with Corollary 1 we have that
The proof of the theorem is complete. 2
The unit of Ω(G, D)
Let D be a collection of subgroups of G. In this section, we will investigate the unit I G D of the GBR 
Ω(G, D) assuming (SN).

A formula of the unit
Using the above formula, the unit of Ω(G, D) under (SN) is obtained immediately as follows. 
Proof. By Lemma 7, we have a formula of the unit I :
A relation with the Euler characteristic
Recall that (D) is a simplicial complex defined by strict inclusion-chains in the poset (D, ) as simplices. The following result is established for "any" collection D. 
(5.1) Therefore, calculating the value at the identity 1 G ∈ G, we get that 
D of the GBR Ω(G, D) is equal to the Euler characteristic χ ( (D)) of (D).
Proof. By Theorem 3, we have that I 
Idempotents
Let D be a collection of subgroups of G. In this section, we will discuss the relationship between the primitive idempotents of the Burnside ring Ω(G) and those of the GBR Ω(G, D). Now denote by [Yo83] . Denote by H ∞ the last term of the derived series of a subgroup H of G. Now the primitive idempotents of Ω(G) are parametrized by perfect subgroups of G as follows.
Lemma 8 (Dress). Let G be a finite group. If Q is a perfect subgroup of G, set f Q = (H)∈C(Sgp(G))
H ∞ =Q e H .
Then the set of elements f Q , for a conjugacy class (Q ) ∈ C (Sgp(G)) of perfect subgroups, is the set of primitive idempotents of Ω(G). In particular, the set of primitive idempotents of Ω(G) is in one to one correspondence with the set of conjugacy classes of perfect subgroups of G. The group G is solvable if and only if [G/G] is a primitive idempotent of Ω(G).
Recall Then 
Proof. By Lemma 8, the (S)-component
of ϕ( f Q ) in Ω(G) is equal to 1 if (S ∞ ) = (Q ), or 0 other- wise for (S) ∈ C (Sgp(G)). It follows that the (S)-component of π D ϕ( f Q ) in Ω(G, D) is equal to 1 if (S ∞ ) = (Q ), or 0 otherwise for (S) ∈ C (D). Since ϕ D ρ D = π D ϕ by Theorem 1, we have that the (S)-component of ϕ D ρ D ( f Q ) in Ω(G, D) is equal to 1 if (S ∞ ) = (Q ), or 0 otherwise for (S) ∈ C (D).ρ D ( f Q ) = 0. Thus f Q ∈ Ker ρ D . Furthermore since the kernel is an ideal of Ω(G), any element x ∈ Ω(G) with x = f Q x is contained in Ker ρ D . 2
Examples of self-normalizing collection
So far, we studied the GBR Ω(G, D) with respect to a collection D of self-normalizing subgroups of G. Maybe such D can be taken in various choices; like in maximal subgroups for example. But here we restrict our attention to a self-normalizing collection related with "p-radicals". Their importance already appeared in modular representation theory, subgroup complexes, fusion systems, and so on.
In this section, we will deal with a certain collection D of self-normalizing subgroups coming from p-radicals. 
The normalizers of p-radicals
so that it can be immediately applied to the results proved in the previous sections. For example
However we will next consider such D A by restricting the subgroup structure of members in A.
Special setting
Let X ⊆ B p (G) be a collection, and denote by X min the set of all minimal elements in X with respect to inclusion-relation. For a fixed Sylow p-subgroup P of G, we set X min ( P ) = {U 1 , U 2 , . . . , U }, where I = {1, . . . , } is an index set. For each i ∈ I , we denote
Then we set our collection of subgroups as follows:
Hypothesis (P). For any
Remark 4. Assume (P). Then N G (X) is a self-normalizing collection. In particular, using the notation in Section 7.1, we have that
G). So various results
in the previous sections hold for this collection too.
Hypothesis (W).
For each i ∈ I , if
In this case, we say that U i is weakly closed in P with respect to G.
Remark 5. Assume (W).
(1) For any ∅ = F ⊆ I , U F is also weakly closed in P . In particular,
Thus, in this case, we have a different expression of N G (X) as follows:
Remark 6. Assume (P) and (W).
(1) For any ∅ = F ⊆ I , the condition 
Hypothesis (H).
For ∅ = J , K ⊆ I , if G J = G K then J = K .
Remark 7. Assume (P), (W), and (H).
(
Then by Remark 6, we have that
The unit of Ω(G, G I ) and the Lefschetz invariant
Let be a G-simplicial complex, and let q (q 0) be the set of all q-simplices of . Then the Lefschetz invariant Λ G ( ) of (cf. [Th87] ) is defined to be
where q is viewed as a finite G-set. Now let q /G be a complete set of representatives of q on which G acts, then we have that
where G σ is the stabilizer in G of σ . It follows that Λ G ( ) is also described as follows: 
(2) The unit I 
So it suffices to consider the coefficient
This yields that
and this shows the first equality of the assertion. On the other hand, it is well known that the Möbius function on the power set 2 I of I is as follows (cf. [St97, 3.8 .3]): 
where k := |K |. It is obvious that the last term is equal to (−1)
(2) For a q-simplex σ = (
Furthermore since G I is a self-normalizing collection, we have the stabilizer
where η 2 I is the chain-function on the poset (2 I , ⊆) (cf. [Ai79, p. 141]), and η
.12], we have that 
